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Inversion principles

Input: a derivable judgement

Γ ⊢ (𝜆𝑥∶𝐴.𝐵 . 𝑠) ∶ 𝐶

Question: Is there a derivation starting with a particular shape?

𝒟1
Γ, 𝑥 ∶ 𝐴 ⊢ 𝑠 ∶ 𝐵

Γ ⊢ (𝜆𝑥∶𝐴.𝐵 . 𝑠) ∶ ∏(𝑥∶𝐴) 𝐵
𝒟2

Γ ⊢ ∏(𝑥∶𝐴) 𝐵 ≡ 𝐶
Γ ⊢ (𝜆𝑥∶𝐴.𝐵 . 𝑠) ∶ 𝐶

Answer: Yes! Also for Extensional Type Theory (ETT).
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Sub-contexts and compatible contexts

For forward reasoning we need to combine judgements.

Γ ⊢ 𝐴 type Γ, 𝑥 ∶ 𝐴 ⊢ 𝐵 type
Γ ⊢ ∏(𝑥∶𝐴) 𝐵 type

New side-conditions: Δ ≤ Γ
• at least: ∀Γ, • ≤ Γ and Γ ≤ (Γ, 𝑥 ∶ 𝐴)
• at most: if Δ ≤ Γ and Δ ⊢𝑓 𝒥, then Γ ⊢𝑓 𝒥

Example: 𝑥 ∶ 𝐴, 𝑦 ∶ 𝐵 ≤ 𝑥 ∶ ⊥, 𝑦 ∶ 𝐶
Non-example: 𝑥 ∶ 𝐴, 𝑦 ∶ 𝐵 ��≤ 𝑥 ∶ 𝐴, 𝑧 ∶ 𝐵
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Axioms for compatible contexts

Δ ⊢𝑓 𝐴 type Ξ, 𝑥 ∶ 𝐴 ⊢𝑓 𝐵 type {Δ, Ξ} ↑ Γ
Γ ⊢𝑓 ∏(𝑥∶𝐴) 𝐵 type

The relation {Γ1, …, Γ𝑛} ↑ Γ generalises sub-contexts.
• it must satisfy:

{Γ1, …, Γ𝑛} ↑ Γ ⟹ ∀𝑗 ≤ 𝑛 , Γ𝑗 ≤ Γ
(∀𝑗 ≤ 𝑛 , Γ𝑗 ≤ Γ) ⟹ ∃Γ′ ≤ Γ , {Γ1, …, Γ𝑛} ↑ Γ′

• we can choose to compute Γ from Γ1, …, Γ𝑛

The relation Ξ′\(𝑥∶𝐴) ∼ Ξ generalises Ξ′ = Ξ, 𝑥 ∶ 𝐴.
Don’t worry about this.
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Relating the new theory to ETT

Proposition (Conservativity)
If Γ ⊢𝑓 𝒥 then Γ ⊢ 𝒥.

Proposition (Completeness)
If Γ ⊢ 𝒥 then there is Δ ≤ Γ such that Δ ⊢𝑓 𝒥.
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Strengthening

If Γ, 𝑥 ∶ 𝐴 ⊢ 𝑠 ∶ 𝐵 derivable and 𝑥 ∉ FreeVar(𝑠, 𝐵),
then Γ ⊢ 𝑠 ∶ 𝐵 ?

Answer: ITT: yes, ETT: no.
Example:

𝑥 ∶ 𝐴, 𝑝 ∶ 𝐴 = 𝐵 ⊢ 𝑥 ∶ 𝐴
𝑥 ∶ 𝐴, 𝑝 ∶ 𝐴 = 𝐵 ⊢ 𝑝 ∶ 𝐴 = 𝐵

𝑥 ∶ 𝐴, 𝑝 ∶ 𝐴 = 𝐵 ⊢ 𝐴 ≡ 𝐵
𝑥 ∶ 𝐴, 𝑝 ∶ 𝐴 = 𝐵 ⊢ 𝑥 ∶ 𝐵
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Strengthening and inversion

Example: Deconstruct an implication

Γ ⊢𝑓 𝐴 → 𝐵 type

Really, this is
Γ ⊢𝑓 ∏(_∶𝐴) 𝐵 type

Inversion only yields Γ, 𝑥 ∶ 𝐴 ⊢𝑓 𝐵 type, but 𝐵 is independent of 𝑥!
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Idea: annotated type theory

Assumption sets

𝛼, 𝛽, 𝛾 ∶∶= {𝑥1, …, 𝑥𝑛}

Judgements

Γ ⊢𝛼 𝐴 type ∣ Γ ⊢𝛾 𝑠 ∶ 𝐴 ∣ …

Contexts

Γ, Δ ∶∶= • ∣ Γ, 𝑥 ∶ 𝐴𝛼

Types

𝐴, 𝐵 ∶∶= ∏(𝑥∶𝐴𝛼) 𝐵𝛽 ∣ Eq𝐴𝛼(𝑠𝜎, 𝑡𝜏) ∣ …
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Recovering strengthening

Proposition
Given Γ ⊢𝛾 𝑠 ∶ 𝐴, there exists a context Γ|𝛾, such that
𝛾 = dom(Γ|𝛾), Γ|𝛾 ≤ Γ, and Γ|𝛾 ⊢𝛾 𝑠 ∶ 𝐴.
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Annotated TT: Product formation

Δ ⊢𝛼 𝐴 type Ξ ⊢𝛽 𝐵 type Ξ\(𝑥∶𝐴𝛼) ∼ Ξ′ {Δ, Ξ′} ↑ Γ
𝛼 ∪ (𝛽\{𝑥}) ⊆ 𝛾 𝛾 ⊆ dom(Γ)

Γ ⊢𝛾 ∏(𝑥∶𝐴𝛼) 𝐵𝛽 type
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Annotated TT: Conversion

Ξ ⊢𝜉 𝑠 ∶ 𝐴 Δ ⊢𝛿 𝐴 ≡ 𝐵 {Ξ, Δ} ↑ Γ

Γ ⊢𝛾 𝑠 ∶ 𝐵
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Annotated TT: Conversion

Ξ ⊢𝜉 𝑠 ∶ 𝐴 Δ ⊢𝛿 𝐴 ≡ 𝐵 {Ξ, Δ} ↑ Γ
𝜉 ∪ 𝛿 ⊆ 𝛾 𝛾 ⊆ dom(Γ)

Γ ⊢𝛾 𝑠 ∶ 𝐵
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Relating ETT and annotated TT

Definition. Given an annotated context Γ (resp. judgement 𝒥), its
stripping Γ (resp. 𝒥) is given by deleting all annotations.

Proposition (Conservativity of ATT)
If Γ ⊢𝛾 𝒥 then there exists 𝒥, such that Γ ⊢ 𝒥.

Proposition (Completeness of ATT)
If Γ ⊢ 𝒥 then there are Γ′, 𝛾, and 𝒥′, such that Γ′ ≤ Γ, 𝒥′ = 𝒥
and Γ′ ⊢𝛾 𝒥′.

Thank you
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Abstraction relation

We assume given a relation Δ\(𝑥∶𝐴) ∼ Δ′ which satisfies the
following conditions:

Δ\(𝑥∶𝐴) ∼ Δ′ ⟹ ∃Φ ≤ Δ′ , Δ ≤ (Φ, 𝑥 ∶ 𝐴) (abs-elim)
Δ ≤ (Γ, 𝑥 ∶ 𝐴) ⟹ ∃Δ′ ≤ Γ , Δ\(𝑥∶𝐴) ∼ Δ′ (abs-intro)
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